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Abstract 

All types of 4-point spheric conformal blocks in both sectors of = 1 superconformal 
field theory are introduced and analyzed. The elliptic recurrence formulae are derived for 
all the types of blocks not previously discussed in the literature. The results are used for 
numerical verification of the crossing symmetry of some 4-point functions in the N — 1 
superconformal Liouvillc field theory. 
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V Introduction 
Oh 

The Liouville field theory (LFT) is one of the most important examples of 2 dimensional 
non-rational conformal field theories. Its numerous applications range from the 2-dim quan- 
turn gravity and matrix models [U [2] through D-brane dynamics in string theory [3] to the 
recently discovered AGT relation [3]. The exact analytical expression for the Liouville struc- 
ture constants was first proposed by Dorn and Otto [5j and independently by Zamolodchikovs 
[6]. The proposal was motivated by an analytic continuation of the 3-point functions per- 
turbatively calculated within the Coulomb gas approach. Another derivation of the DOZZ 
I formula based on functional relations for structure constants was presented by Teschner in 

^ In principle any n-point function in the Liouville theory is given by the DOZZ structure 

constants and conformal blocks [8j. Such representation however is not unique and the 
consistency of the theory requires various decompositions of the same correlator to yield 
the same result. In case of a CFT on closed Riemman surfaces the consistency conditions 
for all the correlators are satisfied if and only if the 4-point spheric functions are crossing 
symmetric and the 1-point toric functions are modular invariant [9]. The first numerical 
check of the crossing symmetry of the 4-point functions in LFT was done in [6j . It was based 
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on Al. Zamolodchikov's effective recursive relations for 4-point blocks worked out in a series 
of papers |10^ \TT\ [12] . An analytical proof of the crossing symmetry was derived by Ponsot 
and Teschner |13| [Hj and Teschner |15i I16j . It was recently shown [T7] that the modular 
invariance follows from the relations between the toric 1-point and the spheric 4-point blocks 
|18[ [T9] . Let us note that the proof of these relations is based on the recursive representations 
of both types of blocks [.19j. 

The = 1 supersymmetric generalization of the Liouville theory is much less devel- 
oped. Although the structure constants on closed surfaces have been known for a long time 
Pm ?IT\ and certain couplings on bordered surfaces were successfully derived |22j the compu- 
tation of all 4-point functions is still an open question. The main reason is that the 4-point 
superconformal blocks are much more complex objects than the bosonic ones. 

The first complication arises already in the Neveu-Schwarz (NS) sector where the super- 
conformal Ward identities determine the 3-point functions up to 2 (rather than 1) structure 
constants [23]. This leads to eight types of NS 4-point blocks [23], [25]. The second diffi- 
culty comes from the Ward identities in the Ramond (R) sector which are considerably more 
involved |26j . A method of finding a proper basis for 3-point blocks and an appropriate 
representation of the R fields in terms of chiral vertex operators was presented in [27]. It 
was also shown that the correlation functions of 4 R fields decompose into eight types of 
corresponding 4-point blocks. 

The recursive relations for the NS 4-point blocks were derived by suitable modification 
of Zamolodchikov's method [23], [25]. The more efficient elliptic recursion was proposed by 
Belavins, Neveu and Zamolodchikov |28t I29| and derived in full generality in [30] . With the 
help of this recursion the bootstrap equations for 4-point functions in the NS sector of = 1 
SLFT were numerically verified [281 129] . An analytical check of the crossing symmetry in 
the NS sector based on the braiding and the fusion properties of the NS blocks was worked 
out in j3H |32] . The recursive representations of the eight 4-point blocks corresponding to 
correlation functions of 4 R fields were derived in [27j. 

The aim of the present paper is to extend the analysis of [27] to all types of A^ = 1 
superconformal blocks. This concerns in particular the conformal blocks corresponding to 
the correlation functions of 2 NS and 2 R fields. We apply the techniques developed in [27] 
in order to find a diagonal representation of an NS superprimary field in terms of vertex 
operators acting in the R sector. Such a representation suggests a convenient basis for 
the corresponding 3-point blocks. These new 3-point blocks together with those of [23], [27] 
constitute a complete set indispensable for defining all types of 4-point superconformal blocks 
corresponding to the correlation functions of the R primaries and the NS superprimaries. 
These blocks include in particular the 4-point blocks with R intermediate states, which have 
not been investigated so far. In all new cases the elliptic recursive relations are derived. 



2 



Using recursive representations for the 4-point blocks we numerically check the crossing 
symmetry of correlators of 4 R fields and 2 R and 2 NS fields in = 1 SLFT. The crossing 
symmetry of a correlator of 4 R fields can be seen as a verification of two structure constants 
in the R sector [20j. We preform two more checks involving all four SLFT structure constants 
and 4-point blocks with NS and R intermediate states. These checks not only test all the 
structure constants but also give a strong verification of the definitions and recursive repre- 
sentations of all the types of the 4-point blocks involved. This makes the considerations of the 
present paper a firm starting point for deriving an analytic proof of the bootstrap equations 
in = 1 SLFT which was one of the motivations of the present work. Another one is a study 
of 1-point functions on a torus in = 1 SLFT and their modular invariance. The recursive 
representation of the corresponding 1-point superconformal blocks can be found using the 
techniques developed in the present paper. It would be very interesting to check if there 
exists a relation between supersymmetric 1-point toric and 4-point spheric blocks similar to 
that found in the bosonic case [181 ttH] • 

The organization of the paper is as follows. In the first section we make a brief review of 
= 1 SLFT and introduce our notation. Section 2 is devoted to diagonal representations of 
NS superprimary and R primary fields in terms of chiral vertex operators. We collect earlier 
results from |24j . |27j^ and derive a formula for NS superprimary field in R-R sector. In 
section 3 the 4-point blocks corresponding to correlators of 2 NS and 2 R fields factorized on 
NS and R states are defined and their recursion representations are derived. These are the 
main results of the present paper. In the last section we present the results of numerical checks 
of bootstrap equations in three different cases: the correlator of 4 R fields, the correlator of 
2 NS and 2 R fields factorized on R states and finally the equation combining correlators of 
2 NS and 2 R fields factorized on R and NS states. 



1 N=l Supersymmetric Liouville Theory 

The A^ = 1 supersymmetric Liouville theory is defined by the action: 

5sL = J d^z (^i- |5,/.sl|' + ^ (V'slS^sl + V^sl^^sl) + 2i^62v5sLV'sLe''^SL + 27r5V'e2'"^SL^ 

(1) 

where h is the dimensionless coupling constant and /i is the scale parameter. The central 
charge of the theory is c = | + 3(5^, where Q = 6 + ^ is the background charge. 

The A^ = 1 superconformal symmetry is generated by the holomorphic bosonic and 
fermionic generators T[z), S{z) (and their antiholomorphic counterparts T{z), S{z)) fulfilling 
^We also correct the formula for chiral decomposition of R primary fields in R-NS sector introduced in [23 ■ 
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the OPEs [26 



T(z)r(o) = ^ + 1t(z) + iar(o) + . . . , 

r(z)5(0) = 2^5(0) + ^95(0) + ... , 
5^0) = ^ + ^T(0) + .... 

The generators have definite parity with respect to the common (left and right) parity oper- 
ator: 

(-1)^ T{z) = T{z) {-If, {-If S{z) = -S{z) {-If. 

The space of fields contains two types of fields: the Neveu-Schwarz fields ip{zi,Zi) local 
with respect to S{z) and the Ramond fields R{zi,Zi) "half-local" with respect to S{z). The 
"half-locality" of Ramond fields means that any correlation function containing product 
S{z)R{zi, Zi) changes the sing upon analytic continuation in z around the point z = Zi. 
The locality properties determine the form of the OPEs: 

5(z)^(0,0) = Yl ^'"^5_fc<^(0,0), T(z)v.(0,0) = ^ z"-^ ^_„(^(q^ 0) 

S{z)R{{),Q) = ^ 5_™i?(0,0), r(z)i?(0,0) = ^ _j,_^^i?(o, 0) 

The fermionic modes together with the Virasoro generators L„ form two independent copies 
of the Neveu-Schwarz (for p, q half-integer) or Ramond (for p, q integer) algebra: 

[Lm, Ln] = {m- n)Lm+n + ^"1 (m^ - l) (5m+n, 

_ m-2p 

{Sp, Sq] = 2Lp+q + - — 5p+q, 

\_Ln,Lm\ = 0, [Ln,<Sp]=0, | S'p, } = 0. 

Each Liouville superprimary NS field (pa is represented by an exponential: 

</'a = e'^'^sL^ (2) 

with the conformal dimension = = , "We shall also use the parametrization in 

terms of the momentum p: 

Aa = — + — , where a = — + ip. (3) 
o Z Z 

The superconformal family of (pa corresponds to the tensor product Va^ ^ °f ^Z-graded 
representations of the left and the right NS algebra. It contains four Virasoro primaries, (pa 
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itself and three descendants: 

V'a = [S.i/s.cAa] =-mV'sLe"'^^S V5a= [^-l/2,0a] =-WsLe'^'^^S (4) 

= {5-1/2, [5-1/2, 0a] } = ^1.^1.^'"^''' " 2i7r/x6ae('^+^)^sL 
There are two Virasoro primary fields in the Ramond sector represented by 

i?± = a±e'^<^sL^ (5) 

where are the twist operators with the conformal weig ht ^. The weights of primary fields 
read: 

A - A _ 1 «(<3 - «) 



16 2 

The OPEs of the R primary fields with the fermionic current take the following form: 

i/Se'F*? 

S{z)R^{zi,Zi) ~ -^R^{zi,Zi) + 

[Z - Zi)2 

S{z)Rtizi,Zi) ~ — — —jR^{zi,Zi) + ..., 

[Z - Zi)2 

where /? is related to the conformal weight by 

A[a] = ^-/3', and /3 = -L - a) . (6) 

We assume that the superprimary fields (pa and primaries are even with respect to the 
common parity operator. 

We define the R supermodule Wa as a highest weight representation of the R algebra 
extended by the chiral parity operator (—1)^^: 

[(-lf\Lm] = {{-lf\Sn} = , m,nGZ. 

The tensor product Wa (X" VVa of the left and the right R supermodules provides a represen- 
tation of the direct sum R(B R oi the left and the right extended Ramond algebras. In the 
Liouville theory however we need an extension of the left and the right R algebras only by 
the common parity operator (—1)^ = (— 1)^^. This can be achieved by reducing the 
representation Wa Wa to the invariant subspace Wa^a VVa- For A / ^ it is 

generated by the vectors 



^Xa = 75 (^A«'^A -^^A^'^a) 
^A,A = 75 (^A ^ ^A + ^A ^ 

- i 

where w'^^w'^ are the even highest weight states in Wa,W^ and = ^i^Sqw^ , 



(7) 



5otft. This is so called "small representation" [2 
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Correlation functions in = 1 SLFT are determined by the superconformal Ward iden- 
tities up to 3-point structure constants of the four independent types: 



^^321 
^321 



'-"mil] 



,^3(00,00)^2(1, !)</>! (0,0)), 
,/.3(oo,oo)ii^(l,l)/?^(0,0) 



They were derived in |20| [2T] and read: 



^^321 



1 /Q6 

2 V 2 ' V 2 



b 



(8) 
(9) 

(10) 



TTo TNs(2ai)TNs(2a2)TNs(2a3 



TNs(a - <5)TNs(ai + ^2 - a3)TNs(a2 + as - ai)TNs(a3 + ai - 02) 



^321 



7r/i_^ f Qb\ ^2_2b2 



2"^ V 2 / 



(11) 



T^o TNs(2ai)TNs(2a2)TNs(2a3 



TR(a - (5)TR,(ai + a2 - a3)TR(a2 + 03 - ai)TR(a3 + oi - 02) 



1 / TT/i / Qb\ 2-262 



3[2][1] 
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Q-g 



(12) 



To TR(2ai)TR(2a2)TNs(2a3) 



TR(a - Q)Tji{ai + 02 - a3)TNs(«2 + 03 - ai)TNs(a3 + oi - 02) 

To TR(2ai)TR(2a2)TNs(2a3) 

TNs(a - <5)TNs(ai + ^2 - a3)TrR(a2 + 03 - ai)TR(a3 + ai - 02) 

where a = XlLi ai,To= '^'^^i'^^ U=o and Tns/r [33j denote: 



+ e 



TNs(a;) 
Tr(x) 



T. 



2 

X + 6 



x + Q 



X + 



2 J \ 2 

The special function Ti,{x) was introduced by Zamolodchikovs in [6]. In the strip < Re{x) < 
Q it has the integral representation: 



log Tbix) 




sinh 



sinh(f) sinh(l;) 



(13) 



In this paper we are interested in 4-point functions of the R fields and the bootstrap equa- 
tions they should satisfy. Restricting ourselves to the fields and the NS superprimaries 
we have the following crossing symmetry conditions: 



[Rl{oo,oo)Rj{l,l)R:^{z,z)Rl{0,0)) = (i?|(oo, oo)fl+(l, l)i?+(l - 1 - z)i?^(0, 0)>(14) 
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( (/.4(oo, oo)i?+(l, l)Mz, z) RfiO, 0)> = ( Moo, oo)i?+(l, 1)(/)2(1 -z,l-z) R+{0, 0)> (15) 
( Moo, oo)Mh l)Rtiz, z) i?+(0, 0)> = ( M^. oo)i?+(l, l)R+{l -z,l-z) (/.+ (0, 0)> (16) 



and 



X(00,00)i?+(l,l)i?2+(^,^) Rtim) 



(17) 



[(l-z)(l-z-)] 



-2A2 / ^+ 



z z 



^(00, 00) i?+(i, i)Rt{—^, j—^) RJio, 0) 



( Moo, oo)i?+(l, l)</.2(z, z) i?+(0, 0)> (18) 

= [(1 - z)(l - z)]-'^'^ ^ i?3+(oo, oo)Mh ^)Mj^, j^) RtiO, 0)^ 
( Moo, oo)03(l, l)ii^ (^, ^) RtiO, 0)> (19) 

= [(1 - Z){1 - Z)]-2A2 ^ ^3(^^ 1)^^ i^l) ^^(0, 0)^ 

2 The 3-point blocks 

The aim of this section is to collect the formulae for the NS superprimary and the i?"*" primary 
fields written in terms of normalized chiral vertex operators. The strategy is to express 3- 
point functions by the structure constants and suitably normalized 3-point blocks. In order 
to find such decompositions we will define the chiral 3-forms using the Ward identities for 
correlation functions of three fields with an arbitrary number of holomorphic generators. The 
NS and the R operators have the following block structure: 














, R 






Rnr 


Rw 






with respect to the direct sum decomposition H = "Hns ©'Wr of the space of states. Since for 
each block there are different Ward identities, it is convenient to investigate these four cases 
separately. 

The simplest case is that of pure NS sector pi] . The Ward identities for a 3-point function 
suggest the definition of the chiral 3-form (anti-linear in the left argument and linear in the 
central and the right ones) ^nn(C3, '?2, CiN) : Vas x Vaj x Vai — > C: 



£'nn('^3, Sk(,2,(.l\z) 



QNN{£,3,S-k^2,^l\z) 



E 

m=0 



m=0 



(-Z)" (^NN(5'm-fc6,6,6k) 

IIL I 

(_l)l?il + l?3l gM^3,^2,Sk-m^i\z)), k^-^ 



z'^QNN{Sk+m^3,S,2, S,l\z) 
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m=0 



«(fc-|) / N 



m=— 1 



£'NN(C3,^-i6,6k) = 92£»NN(C3,6,6k), (20) 

n+l 

£>NN(6,^ne2,eik) = E ("+')(-^^(^'NN(^n^-ne3,6,el|^) (21) 

m,=0 

- Gnn^Cs, ^2, Ln-m^,l\zfj , n > -1, 

oo 

Q^^iC3,L-nC2,^l\z) = 5]("-^D^'"f?NN(in+™6,6,6|^) (22) 

m=0 

oo 

+ (-1)"^ (--2+-)^-"+i— ^,,(^3,6,^^—1612), n>l, 

m,=0 

i(n) 

toN(i-„6,6,6k) = £'NN(e3,6,^n6|2)+ X] K)^""'"^'nn(6,«2,6|2), (23) 

m=—l 

where = for an even state and = 1 for an odd state. The 3- form is set by the 
definition up to two independent constants: 

£'nn(z^3,z^2,i^i|1), £'nn(z^3,'S'_iJ^2,z^i|1)- (24) 
For the highest weight state 1^2 S Va.2 we define the 3-point blocks by: 

£'NN(6,'^2,6k) = PnN,c(6, J^2,6k)£'NN(l^3,Z^2,l^l|l) + PNN,o(6,l^2,6k)£'NN(i^3,'S'_li^2,l^l|l), 

2 

/0NN.c/o(e3,^^2,6k) = 2^^^«^^-^^^"^^-^^^^^VNN,e/o(6,1^2,6) 

where the indices e, o denote even and odd parity of the 3-point block respectively. The 
even part of the block vanishes when 6)6 are states of different parity, while the odd part 
vanishes for 6,6 of the same parity. 



The even-even and the odd-odd products of the left and the right constants (24) yield the 
two structure constants ([S]) 

^^321 = QnN 

C321 = Qnn{i^3,S_i1^2,J^i\1) QNN{i^3,S_lV'2,i^l\l)■ 
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An arbitrary 3-point function of the NS fields with a definite parity is determined by the 
Ward identities up to one of the two structure constants: 

{^3^^3\4'nn{z,z)\Ci®Ci) = C'32l^NN,c(6,i^2,6k)PNN,cfe,Z^2,6l^) 

- (-l)'^^'C32i Pnn,o(6, ^^2, 61^:) /Onn,o(6, j^2,6l^) 

Thus the decomposition of the superprimary field (pNN in terms of normalized vertex opera- 
tors 

reads El 

(j)NN{z, Z) = C32lVNN,c(i^k) ® V^^^,{V'\Z) - C'321^NN,o(l^N) ® Vnn,o(i^|^). (25) 

Due to the complicated form of the Ward identities the chiral decomposition of R primary 
fields is considerably more involved [27]. In contrast to NS sector any 3-point function 
involving R fields with definite parity depends on both R structure constants ([9]). The chiral 
Ward identities defining 3-forms 

£'NR(6,??2,f?ik) : X >Va2 X Wai C, 

Qjw{m,m^^i\z) ■■ Was X Wa2 X Vai ^ c 

have the following forrrj^ 

p=0 ^ ^ p=0 ^ ^ 

_^(_l)l«3l+kil+i^ I (_l)P^|-P^^^(^3,^2,5„+pr?i|z), (26) 
E (p j Z2-P gt,niS.3,Sp-nm,Vi\z) = X] £'NR(5'p+„_i6,f?2,??ik) 

p=0 ^ ^ p=0 ^ ^ 

°° / 1 \ 

_^(_l)l«3|+|r,i|+l^^"+2 (_i)n+p^l-n-p^^^(^^^^^^^^^^|^)^ 
p=0 ^ ^ 

X] (p") £'RN(??3,5'pr/2,6l^) = X] (p ) QnN{Sn+pm,m,Ci\z) 

p=0 p=0 ^ ^ 

I (-l)'^^">«N(r/3,r?2,Vn-i^il^)' (27) 

p=0 ^ ^ 



The vertex decomposition of the other 3 primary NS fiel ds (|4 [) is presented in |24| 

The Ward identities for the Virasoro generators L„ { 20 l-(|23rare the same in all sectors. 
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oo . ^ 



p=0 ^ ^ 

p=0 ^ ^ ^ 

They determine each 3-form up to four rather than two constants: 

+ Ptn (6 ,V2,m\z) Qnb. {iy3,W^,W^\l) 
+ Pnr (6 ,V2,Vl\z) Qnr {l^3,W2,wf\l) 
+ Pnr (6 ,V2,Vl\z) Qnr {1^3, W2 , \1) 

gRN{^3,V2,Vl\z) = ptN{V3,V2,^l\z)QRN{w3,W^,Ui\l) 
+ P^N {m,V2,^l\z) 0RN {W^,W2 
+ PRNiV3,V2,^l\z)0R.N{w^,w:^,Ui\l) 

+ Prn (%>'?2,6k)feN(u'3 ,W2',z^l|l)• 
Since the R fields correspond to states from the "small representation" ([T]) eight even products 
of the left and the right ^nr/rn constants reduce to the two structure constants [27] 



M±) _ ^3[2][l] ^3[2][1] 

•-^spKi] — 2 ' ^ 

where C'3f2i[i] ^^^^ 3-point correlators of primary fields The mechanism of constants' 

number reduction together with the properties of Pnr/rn suggest the convenient basis for the 
3-point blocks in each sector: 



(29) 



KNR,c 


Pnr 


^ Pnr 1 


PnR.c — 


' i Pnr 


PnrL 


Pnr 


±^Pnr^ 


P^^^ - 
5 FNR.o — 


Pnr "F ^Pnr 


PRN,c 


Prn 


^ Prn ) 


PRN.c " 


~ Prn ^ Prn 


HRN,o 


Prn 


i^P^N 


5 PrN,o 


Prn "F ^Prn 



(30) 



Using these bases we define the chiral vertex operators: 

{C3\yitj{z)\vi) = Pml({^3,W^,m\z), (%IK^n](2:)|6> = PwAV3,W'^,^l\z). 

In terms of these operators the fields R^j^ and R^j^ have the following diagonal representation 

m- 



^^^^ ^-(+) ^ t7(+) _ T/(+) ^ t7(+)^ ^ £ii ^/(-) ^ t7(-) _ T/(-) ^ t7(-) 



(31) 



Kn = (^^RNe C5 14lNe' " i ^I^No^ C5 V^iIn j j + ^ ( ^I^Ne' Kn.^ " 1 KV C5 V^f 
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Let us stressed that are expressed in terms of the vertex operators V^^l |^ 

The case of the NS superprimary field in the R-R sector has not been investigated before. 
The chiral Ward identities take the form: 

oo 



p=0 ^ ^ p=0 ^ ^ 

°° / 1 \ 



p=0 

As in the previous two cases the Ward identities determine the 3-form 

£'RR(%,6,f?i|z) : >Va3 X X Wai ^ C 

up to four constants: 

+ PtR{m,^2,Vl\z)0RR{w^,l'2,W^) 
+ PRR{m,^2,Vl\z)0RR{w^,l'2,wf) 
+ Prr{V3,^2,Vi\z)0b.b.{w^,V2,wY) , 

piR{v3,C2,vi\z) = ^^^(^^)-^^(«^)-''^(''^VR'R(^3,6,r/i) 

where g^Yiiwf ,1'2,'wf) = Qj^j^{wf,i'2,wf\l). We write (pmi in terms of the non normahzed 
chiral vertex operators 

(%! ^RR,o(i^|^;) ki) = 0RRi'n3,'^,m\z), m,m of equal parities 
(^sl Vrr,o(j^|^;) = £'rr(^/3,z^,??i|^;), ri3,m of opposite parities 

in the following form: 

0Rr(^,^) = ^^^RR,o(i^k) (Xl Vrr,,(i>|z) + B V^s.,oi^\z) "^RR,o(l^|^) 

Considering the matrix elements of (pmi between primary states ^ from the "small rep- 
resentation" ([7]) one can see that eight even products of the left and the right constants 

^ In the original paper |27| it was erroneously assumed that the 3-point blocks are conjugated to 

Pnr^- For this reason the recursive relation for the 4-point blocks (5. 8), (5. 9) in [57] needs correction. The 



correct formula for this recursion is given by the equation ( 62 1 
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reduce to the two structure constants (28): 

(32) 

+ {Qnniw^,iy2,Wi)TiQRR{w^,i'2,wf)) {gniiiw^ ,i>2,w^) ± Qrr{w^ ,i^2,wf)) . 

In order to express an arbitrary 3-point correlation function in terms of these structure 
constants one needs several relations between the normalized 3- forms p^^. From the Ward 
identities it follows that the 3-forms of the same parity satisfy: 



PtR,o{^MW^,U,SNW~ 



PrrA^mw ,u,Snw+) 

-ptR.o{^MW~,U,SNW' 



(33) 



for the even number of fermionic operators in both strings: #Af + = 2N and 



Prr.o{Skw~,u,Snw~ 
PtR,oiSMW~ ,i^,Snw' 



'i'ptR,oiSKW^,U,SNW^) 

-'^PrrA^kw'^, i^, SnW 
-'i'Pt.RA^KW^, i^, Snw~ 



(34) 



for + = 2N + 1. The relations between the 3-forms of different parity have the 
following form: 



ptR.c{Siw^,i^,Sjw^ 
pRR,SSiw+,i',Sjw^ 

PrrA^I'^^^^^^J'^^ 



{-!)*' ptU^iw+,u,Sjw-) 

{-lf'p^^,SSiw+,u,Sjw-) 
i-lf ipttiSiw^, 1^,3 jw- 



(35) 



These identities together with the constants' number reduction (32) allow to write an arbi- 
trary matrix element of (pRR in the diagonal form: 



.(+) A+) 



Cl^mP'^^U^-iw^, ^2, S-jw^) p'i^l{S_jW^, U2, S_jw^ 



+ Cl]2ll]piR,e{^-lW3' S-JW^) pW,e{S-lW3, 1^2, S_jW^ ) 



12 



for #1+ #J = 2N and 

S-iS_jW 



A3,A3 



= -i i-l)*-' {cl^l/^ZiS-iwt, ^2, S.jwt) p'^ZiS-iwt, ^2, S_jwt) 
for + ^ J = 2N + 1. The basis for the 3-point blocks has the fohowmg form: 



PrrIb — P~RR,e ^ PRR,e1 



Prr'Io — Prr,o ^ ^ Prr,o^ 



PrR.c — PRR,e ^ PrR.bJ 



Pbr.o — Prr,o "F Wnto 



Introducing the normahzed chiral vertex operators 

{m\ \vi) = PmAvs, 



the superprimary field can be written in the diagonal form similar to (31): 



V2 



V2 



Let us note that for the 3-point blocks (36) the relations (33)-(35) imply : 



The similar identities are fulfilled by the p^^^f, Pmis [27] : 

P^n2,o{^,w^ ,Sjw') = p''^^^,{v,w^ ,Sjw^), 

Finally, we note that the blocks are functions of /3j rather than the Ramond weights 
follows from (33)-(35) that the blocks with opposite signs of /3i are related: 

= p'iti!,c{Sjw'l,v:i,SKw'^), 



and [27]: 



P^^ASjwt,v^,SKwt,i) = p'iti!,c{Sjw'l,v:i,SKw'^), 

P^^,,{Sjwt,i,l'2,SKwt) = p^T^,,{SjW^,iy2,SKwf), 



P^K^e/SSKwtp, W^, SjVl) 



pS.o/o{SjVi,W^,SKW^), 

Pm,./.{SKW^,w^, Sjvi) 
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3 The 4-point blocks 



3.1 Definitions 



We shall write the 4-point correlation functions (14)-(19) in terms of the structure constants 



and the 4-point superconformal blocks. Let us start by defining the 4-point blocks corre- 
sponding to the correlators factorized on NS states. There are four even 



n 



±h ±/32 

/34 /3i 



(^) 



meN 



c.A 



±/33 ±/32 

/34 /3i 



and four odd 



(42) 



■J^ A 



/34 /3i 



(^) 



fceN-| 



±/33 ±/32 

/34 /3i 



(43) 



conformal blocks related to correlators of four R primary fields. The coefficients are defined 
in terms of matrix elements of chiral vertex operators Vf^^j and V^R_f 



c,A 



±/33 ±/32 

/94 /3i 



|i^|+|M| = |L| + |iV|=/ 



'-'cA 



KM,LN 



where |/| = e for / S N, |/| = o for / G N — ^, va.km is the standard basis in the NS 

KM,LN 



supermodule Va, and 



G 



f 

c,A 



21 '^A,KM 

denotes the inverse NS Gram matrix. In order to clarify 
the notation let us stress that the it signs in front of (32, f^s in the 4-point blocks denote four 
different functions of the external parameters /3j and are not related to the actual sings of 
these arguments. This remark concerns all other types of blocks introduced in this section. 

A correlation function of two NS superprimaries and two R primary fields factorized on 
the NS states will be expressed by two even blocks: 



and two odd blocks 
A 



Aa ±& 
A4 fSi 



(z) = z 



A-Aa-A 



meN 



m 
A 



A3 ±/32 

A4 /3i 



A3 ift 
A4 ft 



\Z] = Z 



A+I-A2-A1 ^ 



c,A 



A3 ±/32 
A4 /3i 



where the coefficients are given by: 



c,A 



A3 ±132 

A4 /3i 



= ^ Pnn,|/i(z^4, t'S; i^A.LAf) 
|i^|+|M| = |L| + |7V|=/ 



<-^c,A 



KM,LN 



pS|/|(j^A,i^Af,wt,Wj^)- (44) 



We have corrected the definition from |27| where the blocks coefficients were written in terms of conjugated 
3-point blocks PN^i'it 
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Let us now turn to the blocks with R intermediate states. There are four even and four 
odd 4-point blocks contributing to the correlation function {(pRR(f)) factorized on R states: 



■J I 



/3 



A4 Ai 



\ nSN 



n,f 

/9 



±133 ±132 
A4 Ai 



where f = e and f = o denote blocks with even and odd intermediate states, respectively. The 
even and odd coefficients are defined in terms of the 3-point blocks with the corresponding 
parity: 

KM,LN 



A4 Ai 



G 



f,n 
c,A 



|A'| + |M| = |L| + |Ar|=n 



where w 



fS,KM 



is the standard basis in the R supermodule Wa, 



G 



f,n 
c,A 



KM,LN 



is the inverse 



of the Gram matrix [Ml |35] in the subspaces of the f parity. Each parity subspace can be de- 
composed into the direct sum of the subspace spanned by the basis vectors containing 5*0 and 
the subspace spanned by all other basis vectors. Blocks of the Gram matrices with respect to 
these decompositions are related to each other. This in order implies some relations between 



blocks of inverse Gram matrices. Using these relations and the 3-point blocks property (39) 
one can show that the odd and the even 4-point blocks are equal: 



770 

J~ R 



±133 ±132 

A4 Ai 



±/33 ±/32 

A4 Ai 



We shall need two more types of 4-point blocks corresponding to the correlators factorized 
on R states n 



n,f 
c,/3 



±h A2 
A4 ±/3i 



|K| + |M| = |L| + |Af|=n 



G 



f,n 
c,A 



KM,LN 



{±) I + + ^ 



F 



n,f 



c,p 



A3 A2 

±/34 ±l3i 



G 



f,n 
c,A 



KM,LN 



\K\+\M\ = \L\ + \N\=n 

As in the previous case, due to the properties of 3-point blocks (39) and (38), the odd 
coefficients are proportional to the even ones: 



±/33 A2 

A4 ei/3i 



n,e 
13 



±133 A2 
A4 £1^1 



n,o 



A3 A2 

±134 



c,/3 



A3 A2 

±/34 ei0i 



Thus there are four independent even blocks of each type: 



±/33 A2 
A4 ±/3i 



(^) 



A-A2 



A2 

A4 ±f3i 



nef- 



^ Due to clarity we have skipped definition of the rest of 4-point blocks corresponding to correlator of two 
NS superprimaries and two R primary fields i.e. F^'^ ^±fil *Ai] ' ^c'^ [±^4 aJ] • recursion representation 
of these blocks can be found within the universal method discussed in this section. 
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n 



A3 A2 

±/34 ±/3i 



(^) 



\ neN 



A3 A2 

±/34 ±/3i 



The representations of primary fields tlirough the vertex operators (25), (31), (37) imply 



the following decompositions of the 4-point correlation functions on the 4-point blocks: 

(i?+(c^, cx.)i?3+(l, z)i?+(0, 0)) (45) 



ei.e2=± 



(04(oo, oo)(/.3(l, (0, 0)) 



dp ^ < C43pCip''[2][l] 



A3 e/32 
A4 /3i 



£103 £2/32 
/34 /3l 



(^) 



x-o 
-'A 



/34 /3i 



(9) 



' '-^43p<-'-p[2][l] 



A3 e/32 
A4 /3i 



(^) 



(9) 



(46) 



and 



(04(oo, oo)i?+(l, l)i?+(z, z)0i(O, 0)) 
((/.4(oo, oo)i?+(l, l)02(z, ^)i?^ (0, 0)) 
(i?+(c^, C^)</.3(1, 1)02(2, ^)i?^ (0, 0)) 



L'4[31[pl'-'[-p][2]l 



Cl,e2=± 



U/' L'4[31[pl<--[-p]2[l] 



ci ,e2=± 



2^ L'[4]3[pl'-'[-p]2[l] 

ei ,e2 = ± 



■J R 



x-e 



<:i03 -C2fe 
A4 Ai 



ei/33 A2 
A4 -C2ft 



A3 A2 

ei/34 -e2/9l 



(z) (47) 



(z) (48) 



(z) (49) 



Since the 4-point blocks with R intermediate states are functions of /3 ([6]),([3]), the momentum 



reflection should be taken into account (40), (41). 



3.2 Classical limit of the 4-point blocks 

Let us now investigate the behavior of the 4-point blocks in the classical limit 6 — )• 0, — )• 
m = const. A correlation function of two NS superprimary fields ([2]) and two R primaries ([5| 
is defined by the path integral with the action ([T]): 

{Rt<P^<t)2Rt)= j P-^SL^^V'SL^^^St e-'^SL[</.SL,VsL]^+ga4<^SLga30SLe'^2</'SL^+e«l'/'SL (59) 

The twist fields have light weights and thus they do not contribute to the classical limit. If 
all the exponential operators have heavy weights Aq.: 

1-A? 



aj = — (1-Ajj, bai^ — ^ — 



26^ A,- ^ 5i 



4 ' 



the correlator has the same asymptotic behavior as the bosonic 4-point function of primary 
fields: 

where Sci\5i-,5^^52-,5i] is the bosonic Liouville action 
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calculated on the classical configuration (p satisfying the Liouville equation with sources 



The asymptotic behavior of the 3-point structure constants reads: 



(51) 



where S'cJJ, ^i] is the 3-point classical bosonic Liouville action. The h ^ coefficient in the 
second relation arises due to the fermionic contribution from 02 field \4m |30| . 



A similar reasoning applied to the 4-point correlator (50) projected on an even-even 
subspace of Wa ® VVa yields: 

where the "A- projected" classical action is given by 

S.,[<54, <53, 52. 5i\6] = 53, 5] + S^,[5, 62, 5i] - fs (z) - fs {z) 



and fs 



&3 <52 

(54 (5i 



{z) is the classical conformal block [12j. The 4-point correlator projected on an 



even-even (or odd-odd) subspace of Va ® has the same behavior: 



-^5ci [<54,(53,<52,<5i|(5] 



■4</>3 Ia ^2 ) ~ e 2b 



^5ci[(54,53,<52,'5i|<5] 



Thus the equations (45)-(49) together with (51) lead to the following asymptotical behavior 
of the 4-point blocks: 



A4 Ai 

A4 A2 

±/33 ±/3i 

"A3 ±^2 
A4 /3i 



1 [''3 "52 
(Z) ~ 6 2^-^ 



{z) ~ e 



772 

-^A 



±/33 A2 

A4 ±/3i 



1 \H S2 
{z) ~ e26^ l-*4 *1 



(^) 



(52) 



A3 ±/32 
A4 /3i 



(z) ~ |e^-^'K'?](^\ (53) 



The coefficient in the last term can be derived analyzing the leading A dependence of the 
odd 3-point blocks with an arbitrary NS state from level k 177] 



Pnn,o(z^4, 1^3, V/^^ln) ~ I^A^ 2 + . . . , PNR!o(l^A,i<-M, wt .W^) ~ A" 2 + . . . 



(±) 



/32' 



3.3 Elliptic recurrence for the blocks with an NS intermediate weight 

It follows from the definitions that the coefficients of any type of 4-point blocks with an NS 
intermediate weight are polynomials in the external weights Aj or /3j and rational functions 
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of A and c. The properties of the inverse Gram matrix imply that any coefficient can be 
expressed as a sum over simple poles in A or in the central charge. In particular, for the 



coefficients (44) one has: 



A3 ±/32 

A4 /3i 



cA 



A3 ±132 

A4 /3i 



+ E 



A3 ±132 

A4 /3i 



A - Ars{c) 



l<rs<2k 
r+se2N 



with Ars(c) given by the Kac determinant formula for NS Verma modules: 



Ars(c) 



rs — 1 1 — 

: — H — 



1 - 



In order to calculate the residues it is convenient to choose a specific basis in the NS module 
1301 ■ Let us remind its construction. First, one introduces the states: 



Ars 



|i^|+|M| = f 



where x^*^ are the coefficients of the singular vector in the standard basis of Va,.^ : 

Xrs = Yl Xrs^S.KL^Mi^A^, for r + s G 2N, 
\K\ + \M\ = ^-f 



The family of states \^S-lL-nX^s} 



\L\+\N\=n-^^ 



can be completed to a full basis in the NS 



module Va at the level n > ^. Working in such a basis in the NS module one obtains: 



7^^ 



A3 ±132 

A4 A 



|i^|+|Af| = |L| + |Af|=fc-f 

where the coefficient Ars{c) is given by: 



I,_ LS. 

'-^c,A,, + f 



KM,LN 



(54) 



-1 



As(c) = lim ( /^^^^''A I • 
^ A^A,. \^A- A„(c) J 

The exact formula for Ars{c) is due to A. Belavin and Al. Zamolodchikov [36]: 

r s 



m=l— r n=l—s 



-1 



where m + n £ 2Z, (m, n) 7^ (0, 0), (r, s). It was proposed on the basis of higher equations of 
motion in = 1 SLFT. The corresponding formula in the bosonic case was recently proved 
in [37]. 
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Due to the factorization property of the 3-point blocks (A.9) the residue (54) is propor- 
tional to a coefficient of the same block 



A3 ibfe 
A4 h 



Ars{c) F 



A3 ±132 

A4 /3i 



Pi 



pr 



prs 



A3 
A4 

*A3 
A4 



A; G N, 



for Y £ to a coefficient of another block 



7^^ 



for 



A3 ±132 

A4 /3i 



A3 TI32 
A4 /3i 



pr 



±132 



X < 



e*4 



A3 
A4 



*A3 

A4 



ken, 
ken- 



(55) 



(56) 



2' 



G N — i. The fusion polynomials 



prs 



*Aj 
A, 



prs 

1 



±|3^ 
ft 



are given by formulae 



In order to derive a closed elliptic recurrence for blocks' coefficients one has to investigate 
the large A asymptotic. According to Zamolodchikov's reasoning |1H [T2] the Aj and c 
dependence of the first two terms in the ^ expansion can be read from the classical limit of 
the superconformal blocks. From the path-integral arguments it follows that in the classical 



limit the bosonic classical block occurs (|53|). It yields the large A asymptotic in the form: 

[z) = TTT (a 



Inn 



A3 ±132 

A4 I3i 



c 

24 



+ ( - - Ai - A2 



A, - A4 In K^iz 



(57) 



+ 



24 



A2- A3 ln(l-z) + 



24 



Ai- A2 ln(z) + /±(z) + 



for the even blocks, and: 



Inn 



A3 ±132 

A4 /3i 



In A TTT A 



+ 



24 



(^) 



A2- A3 ln(l-z) + 



24 



24 



+ (--Ai-A2-A3-A4) InK'iz) 



Ai- A2 ln(z) + 



for the odd blocks. (z) are functions specific for each type of block and independent of A, 
and c. 

Introducing the multiplicative factor which captures all the Aj and c dependence of non- 
singular terms one defines the elliptic blocks: 



■I A 



A3 ife 

A4 /3i 



A c-3/2 c-3/2 A A 

(z) = (16g)^-^ z^-^i-^^l-z) 



c-3/2 



■A2-A3 



X ^2^-4{Ai+A2+A3+A4)+| ^e,o 



A3 ±/32 

A4 /3i 



(58) 



A3 ±h 

A4 /3i 



The elliptic blocks 

residues are given by the corresponding residues of the superconformal blocks (55), (56): 



A3 ±h 

A4 /3i 



(9) = 9± + E^is*?) 



(g) can be written as sums over simple poles in A. The 
residues < 

^r.(c)pr 



A3 
A4 



prs 



A- Ar 



A3 ±/32 

A4 /3i 



r,s>0 
r,sS2N 
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r,s>0 
r,se2M+l 



As 
A4 



pr 



±132 
/3i 



A - A„ 



njo 
rt A 



A3 Tfe 
A4 /3i 



(59) 



and 



njO 



A3 ±/32 

A4 ^1 



(g) 



*A3 

A4 



pr 



±/32 

/3i 



A - 



r,s>0 
r,s62N 



*A3 

A4 



prs 

c 



±132 



A3 ±132 

A4 /3i 



(9) 



(60) 



A - A^ 



A3 T/32 
A4 /3i 



(9) 



r,s>0 
r,se2N+l 



Since the functions g± are independent of Aj and central charge they can be read off from 
the special c = | blocks. The explicit expressions for the c = | blocks with the NS external 
weights Ai = A2 = g and the R external weights A3 = A4 = can be calculated using the 
techniques of the chiral superscalar model |38j . In the present case it yields 



lim lim lim J^a 
^0^-0 2a->t b^i 



Aa ±/3o 
Aa f3o 



(z) = {I6qr [z{l - z)]-^ e,\q) 



which gives 



g± = i- 



The recursive representation of the 4-point blocks corresponding to a correlator of four R 
fields ( 42 ) , ( 43 ) can be derived in the same way and it reads 



e/o 



±133 ±132 

134 I3i 



c-3/2 
a 2 



-3/2 c-3/2 . . c-3/2 A A 

-2r- z^2S-'^i~^2 _ ^^^3^^-A2-A3 



■4(Ai+A2+A3+A4) e/o 

Ha 



±133 ±132 

134 I3i 



(61) 



n 



e/o 



±133 ±132 

134 I3i 



Ars{c)Pl 



±133 
134 



prs 
c 



±132 



A- Ar 



n 



e/o 



r,s>0 
r,sG2N 



AUc)Pr 



'±133 


prs 


'±132 


^4 


^ c 





A - Ar, 



n 



o/e 



A 4- 



±133 ±132 

134 f3i 



134 f3i 



(62) 



r,s>0 
r,se2N+l 



where 



= 1, g° = 0. 



*We have corrected the corresponding formulae of [27] 
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3.4 Elliptic recurrence for the blocks with R intermediate states 

The coefficients of the 4-point blocks with R intermediate states are polynomials in the 
external weights Aj or j3i and rational functions of c and the intermediate /3. The inverse 
Gram matrix as a function of the intermediate weight has simple poles at: 

where r, s G N and the sum r + s must be odd. Thus the 4-point blocks can be expressed as 
the following sums over simple poles in 



"±/33 ife" 


in,e 


ife ±132 


_ A4 Ai 


= 


. ^4 Ai_ 



+ 



"ifti ±132 




'±8;, ±:h' 


_ A4 Ai_ 


A4 Ai_ 




- + — ^ 





/3 - Prsic 



l<rs<2n 
r+se2N+l 



F 



c,l3 



±133 A2 

A4 ±/3i 



''c,f3 



A4 ±/3i 



+ 



E 



'±03 ^2 




'±03 A2" 


_ A4 ±/3l 


_ A4 ±/3i_ 




- + — — 





l<rs<2n 
r-+se2N+l 



F. 



c,(3 



A3 A2 

±04 ±01 



n,e 



A3 A2 
±0A ±01 



+ 



E 



"A3 A2" 


7?"'" 


A3 A2" 


±0i ±01 _ 






- + — ^ 





/3 + ^r-.(c) 



l<rs<2n 
r+sG2N+l 



In order to determine the residues at P^s and — /3rs we need to choose a specific basis in the 
R module. Let us introduce the states: 



E 

|K|+|M|=f 



Ars 



S-kL-mw^ for r + sG 2N-I-1, 



where Xrs^^ are the coefficients of the singular vector in the standard basis of Wa^s • 

|K|+|M|=f 

The family of states \ S-lL-nKts \ can be completed to a full basis in the R 

I J |L|+|Ar|=n-f 

module Wa at the level n > ^. Working in such a basis one can compute the residues: 



'^rs 



•n,e 
c,0 



±03 ±02 

A4 Ai 



G 



,e,n—-f 



KM,LN 



(63) 



|Jsr| + |M|=|L|+|Ar|=n-^ 
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and 



c,/3 



±/33 ±/32 

A4 Ai 



\K\ + \M\=\L\+\N\=n-^ 



c,Ars + - 



KM,LN 



(64) 



where we have used the relation between 3-point blocks with opposite signs of (3rs (41). The 
coefficient A^g{c): 



1 



2A 



lim 



+ A|^+A\ 
rs lArs / 



-1 



A - A„(c) 



is of the form 



n n [po^ 



m=l—r n=l—s 



where m + n G 2Z + 1, {m,n) 7^ (0,0). The equations (63), (64) together with factorization 

(65) 



formulae for 3-point blocks (A. 11) lead to the expressions for the residues: 



±/33 ±/32 

A4 Ai 



jrs 
c 



A4 



pr 



Ai 



±e/33 ±e/32 
A4 Ai 



where 



0' 

r'rs 



2^/2 



rb 



corresponds to the shifted weight A^s + ^ and 



s 
' b 

A, 



(66) 



are the fusion polynomials (A.3) 



By similar calculation one can determine all the other residues: 



ife A2 



rs 


_ A4 ±l3i 


n,€ 


' A3 A2 


rs 


±134 ±/3i 



±e/33 

A4 



pr 



±e/3i 
A2 



77™- ^'^ 



iefe A2 
A4 ±e/3i 



(67) 



c 



±e/34 
A3 



pr 



A2 



A3 A2 

±e/34 ±e/3i 



In order to find a closed recurrence for the 4-point blocks with R intermediate states we 
will define the corresponding elliptic blocks. The first step is to determine large /3 asymptotic 
of the 4-point blocks. It follows from Zamolodchikov's reasoning |12j.|30j that the Aj,/3i and 
c dependence of the first three terms in the large /3 expansion of the block is given by the 



classical limit. Since in the classical limit the bosonic classical block occurs (52), the linear 
in (3 terms in the large /3 asymptotic of the 4-point blocks have to be zero. The asymptotic 

A3 ±132 



takes the same form as in the case of the even block T'^ 
following definition of the elliptic blocks: 



I3i 



±/33 ±l3i 
A4 Ai 



(16g) 



A-^ 



-3/2 1 



-3/2 . A a_ 1 . 
IB Z ~i '^1-^2 + 16 (I 



{z) (57). This suggests the 

(68) 



e-3/2 

Z) 24 



-A2 



22 



-3/2 



■4(Ai+A2+A3+A4)+i 



±/33 ±02 

A4 Ai 



±/33 A2 

A4 ±/3i 



(16g)^ 24 16 2; 24 

£^_4(Ai+A2+A3+A4)+| 



7^ £ 



±/33 A2 
A4 ±/3i 



{I-ZY 



(69) 



A3 A2 

±04 ±01 



(16g)^- 



c-3/2 1 e-3/2 

24 16 Z 24 ' 



-A1-A2- 



^-5Z2_4(Ai+A2+A3+A4)+| _e 

'o rtfl 



A3 A2 

±04 ±01 



(l-z) 

(<?)• 



e-3/2 



A2-A3 



(70) 



The elliptic blocks satisfy recursive relations with the coefficients at residues given by (65) 



(67): 



±03 ±02 

A4 Ai 



{q) = f±± + E (16g)^ 



±03 
A4 



pr 



±/32 

Ai 



r,s>0 
r+3G2N+l 



/3-/3r 



h'rs 



±03 ±02 

A4 Ai 



(9) 



-(16g)- 



A4 



prs 

c 



T02 
Ai 



/3 + /3r 



T03 T02 

A4 Ai 



±03 A2 

A4 ±/3i 



iq)=g±± + E (16g)^ 



(-l)f^«(c)PJ 



±03 
A4 



±01 
A2 



r,s>0 
r+sG2N+l 



±03 A2 
A4 ±01 



(-1)¥A^^,(c)PJ 



T/33 
A4 



pr 



T01 
A2 



^8' 



T03 A2 
A4 T01 



(71) 



7^1 



A3 A2 

±04 ±01 



{q) = h±± + Yl (16g)' 



±04 
A3 



prs 



±01 
A2 



r,s>0 
r + sg2N+l 



/3-/3r 



A3 A2 

±04 ±01 



T04 

A3 



pr 



T01 
A2 



(9) 

(72) 



/3 + /3r 



h'rs 



A3 A2 

T/34 T01 



(<?)• 



The independent of Aj and c functions /=t±,5±±,^±± can be deduced from the explicit 



expressions for the specific blocks with c — 2 



3. 



lim lim limJ^I 



0->-O 2a^i b^i 



lim lim limJ^X 



±0 ±0 

Aa Aa 

Aa Aa 

±0 ±0 



(z) = lim lim limJ^X 

0^O2a^ib^i 



±0 Aa 
Aa ±0 



(z) = (16g)^-l^ [z{l-z)]-'^ e,\q), 



(z) = il6q)'^-T6z-kl-z)-U^\q). 



Comparing the formulae above with definitions (68), (69), (70) one gets: 



l±± 



g±± = h±± = 1, 
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4 Numerical check of bootstrap equations 



4.1 Four R fields 



The correlation function of 4 R primary fields expressed in terms of elliptic blocks (45), (61) 
take the following form: 



(i?|(oo, oo)R^{l, l)Rt{z, z)RtiO, 0)) 



(zz)^-^^-^^ [(1 - z)(i - z)]"^-^^-^^' Mq)e3m^ 



3/2 



fmsmmi'^^'^) — dP|16g|"^ ^ C'l^jfajpCipp,,^ 



nje 



/34 /3i 



+ 



-T/O 



X /[4][31[2][1](t", t), 
2 



where = e*'^'^ and r is defined by the complete elliptic integral of the first kind K{z): 



T = I- 



K{z) 



The crossing symmetry conditions for the 4-point function (14), (17) read: 



/[41[3][2][1](t, t) 
/[41[3][2][1](t, t) 



/[3][4][2][1i(t +1,^ + 1), 

c— 3/2 Q A 
(rf)— -^^'^7[4][l,[2][3]( 



1 1 



T r 

The first equation can be verified analytically due to the relations: 



(73) 



njo 
ft A 



±133 ±/32 

/54 /3i 

efe ±/32 

/34 I3i 



i-Q) 
(e-g) 



±/34 ±/32 

/33 /3i 



(<?), 



€04 ±132 
P3 Pi 



which follow from the recursive formula (62) with the fusion polynomials satisfying (A.7). 



The second crossing symmetry condition (73) can be checked numerically with the help 



of the recursive relations for the blocks ( 62 ) . In order to simplify calculations one can choose 
two different non-zero external weights: 



'V2 



13^ = 133 = -^, /32 = -/34 
With such a choice none of blocks vanishes which provides a non-trivial test of the general 



recursive formulae. The products of two SLFT structure constants (12), (28) take the form: 



^(ei) ^(<:2) 
"-'[-2][llp'-^-P[2][ll 



= \ (^7 (^) ' ToTKQ + 2ipr) T^iQ + 2ip2) T,.{Q - 2in) 
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0.0015 




with the P-dependent part: 



/■°° dt I 



6 + cos(Fi) 
sinh (^) sinh 



- cos(Pi) A - coth (-^^ coth 



\2b 



2cos(f )cos(^)cos(^|^) 



= 0, 



The form of the function above follows from the integral representation of T;, 
bootstrap equation (73) reads: 



([TsJ). The 



= (rr) -4 



-4(Ai + A2) 



E /dP|16g'| 



'■{P) 



Cl^l £2/32 



n 



(9'; 



rL/\ 



(9) 



(74) 



£2/32 

-/32 /3i 



. ITT 

where q = e~~ . Due to the highly oscillatory character of the integrant in the function 
r^^''^^(P), the numerical calculations should be carefully performed. We present a check of 
this relation for pi = 0.3, p2 = 0.5, c = 3 (6 = \J~^ + ^-nd for r along the imaginary 
axis in the range [0.2i, 5i]. On Figure [T] the relative difference of the left and the right side of 
(74) as a function of r is plotted. The three curves correspond to the expansions of the even 



and the odd elliptic blocks up to the terms q"' and q"'~^2 for n = 8, 9, 10. 
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4.2 R intermediate weights 



The correlation functions of 2 R primaries and 2 NS superprimary fields (48), (49) written 
in terms of elliptic blocks (|69]), (70) read: 



(04(oo,oo)i?+(l,l)</.2(z,z)i?+(O,O)> = {zz) 



c-3/2 . A a- 1 



X [{I- z){i-z)Y^~^^-^'^^^ [OMOMr^'^^^^'^'^ 



/4[3]2[1](''", t) 



(i2+(oo,oo)(A3(l,l)</>2(^,^)i?^(0,0)> = {zz) 

c-3/2 



X [{I - z){l - -z)] 

/4[3]2[1] (t, t) = 



-A2-A3 



e-3/2 



2 X /[4]32[i] (T,r), 



[4]32[1]V' , 



T, r 



dP|16g|'^ ^ C'|[3^[P]C[*Lpj2[i] 

ei,e2=± 

dP|16g|''^ ^ C'[413[F]C'[''_PJ2[1] 
€i,e2=± 



/3p 



7^1 



eift A2 
A4 -e2/3l 



A3 A2 

ei;S4 — e2/3l 



(9) 



Crossing symmetry of the 4-point functions (15),(18) implies: 



/4[3]2[i](r,T) = /[3J42[ii(t + l,r + 1) 
/4[3]2[i](r,f) = (rf) 



''/4[l]2[3]l ^--) 

T T 



Since the elliptic blocks of the two types are related (71, 72): 



n 



±l3-i A2 
A4 ±/3i 



A4 A2 

ife ±/3i 



(-<?) 



the first condition is satisfied straightforwardly. The second condition can be verified numer- 
ically. For the external weights: 



/3i = /33 

the products of the structure constants read: 



\/2' 



Q ^. Q . 

0L2 = — ^ tP2, 04 = — - IP2 



'-^-2[ll[Pl'-^-[P]2[l] 



with the P-dependent part: 



„'S1><S2 



exp 







cos (Pt) (cosh (^) + cosh (f)) +6 



sinh(l;)sinh(f) 



2cos(^)cos(^)cos(2|^) , 



sinh(^)sinh(|) 

0, a+- iP,t)= -a^+{P,t) 



2 sin (f) sin (^) sin (f) 
cosh (^) cosh (I) 
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0.0005 



-0.0005 




n=9 



Figure 2: Numerical check of the bootstrap equation (75) 



Then the bootstrap equation takes the form: 



ei,e2=± ■ 



(75) 



(^^)^-4(A,+A,)+l ^ /dP|16g' 



ei,e2=± 



(^) 



A2 

A2 -e2/3l 



We present the sample calculation for pi = 0.3, p2 = 0.4, c = 3, and for r in the range 
[0.2i,5i]. The relative difference of the both sides of (75) is plotted on Figure [2} The three 
curves correspond to the elliptic blocks expanded up to n = 8, 9, 10 power of q. 

4.3 Functions factorized on R and NS states 

Finally, we shall consider the bootstrap equation involving 4-point blocks from two different 
sectors and all the structure constants of = 1 SLFT. Using formulae derived in the previous 



section ( 46 ) , ( 47 ) , ( 58 ) , ( 68 ) one can express the correlation functions of 2 NS and 2 R fields 



in terms of elliptic blocks: 

(04(oO,Oo)(/.3(l,l)i?^(z,z)i?+(O,O)> = {ZZ) 

(04(oo, oo)i?^(l, l)Rt{z, ^)0l(O, 0) 



^-Ai-A2 



' 16 



_ c-3/2 
ZZ) 24 



+ [(1_^)(1_^)]^-A2-A3 



2 /4[31[2]l(T,r), 
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where 



f43l2][l]{T, t) 



dP|16g|^' Y,\c,.pC. 



F[2][ll 



A3 efe 
A4 /3i 



'-^43F'-^-P[2][11 



-I/O 



A3 e/32 
A4 /3i 



/4[3][2]l(''", t) 



dP|16g|''^ ^ C'4[3^[p]C'[-p][2]i 



ei,e2=± 



A4 Ai 



(<?) 



The crossing symmetry of the 4-point functions (16), (19) yields: 



/43[2][l](''"j t) — /34[2][i](t + 1, r + 1) 



/43[2][l](r,f) = {TfY'i" ^^«^' + 3/4[l][213(--,-3) 

r T 

The first condition can be checked analytically using the relations: 



^Aj 



A3 6/32 

A4 /3i 

A3 e/32 
A4 /3i 



(-<?) 

(e-g) 



A4 e/32 
A3 /3i 



(9) 



A4 e/32 
A3 /3i 



which follow from recursions (59), (60) and the properties of fusion polynomials (A. 7), (A 



The second one can be numerically verified. We will consider a case of two different R fields 
and two equal non-zero NS weights: 

Pi = ^ "3 = ^+«P3, a4 = — -ip3 

The structure constants with R intermediate states factorize onto the P-independent part: 

ci3[i][p]C'[*'_p''][2]3 = '^s^' ^(-f) ^ 9{Pi)^ 
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1 /vr^^ 



Q-iP2 
b 



-ipi 



X 



ToTr(Q + 2ij)i) TR(g + 2ip2) Tnr(Q + 2iK) Tnr(Q - 2ip3) 



(76) 



gral 



: nontrivial integi 



and the 

2, 2^ -t COS (PQ (cosh (I,) + cosh 

^^^^ 2; sinh(|,)sinh(|) 
(¥)) I ^ sin(f)(sin(^)-(e,e.)sin(M)) 
cosh (^) cosh 



cos (^) (cos (^) + COS 



fp3t' 
-COS - 



fbt' 



COS (Pt) 1^ 

sinh (Jj; 



cosh(f )) +6 



The structure constants with NS intermediati 

C-33pC'ip[2][l] = '''liP) ^ 9{Pi)j 



sinh (^) sinh (^; — H4h;— ht; J J 

states have the same P-independent part ( 76 ) 



— i C_33pCip[2][l] — 



X 



9{Pi) 
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-0.0005 



-0.0010 



-0.0015 



n=8 




Figure 3: Numerical check of the bootstrap equation (77) 



The P-dependent parts read: 

dt 



rl{P) 



P exp 



P exp 







t 

T 



4p2+2(p2+p2) 



cos(Pt) ( 1 - coth ( ^ j coth 



6 + cos{Pt) 
sinh(^)sinh(f) 



Pt 



cos' i^-f) + COS (i^) COS (if) cos2 (^) + £2 sin (if) sin (if) 

h ei — 



sinh(f) 



cosh (^) 



cosh(f) 



The bootstrap equation in this case have the following form: 



J2 J dP\16q\'''f^rl{P)\-Hl^ [J^f ] {q)\\rl{P) 



A3 e/32 
A3 Pi 



(77) 



(rf) 



^^-2(Ai-HA2-H2A3)- 



4 > / dP|16g 

€i,e2=± 



(^) 



ei/Si -€2/32 
A3 A3 



(9) 



We present a check of this relation for pi = 0.2, p2 = 0.4, ^3 = 0.3, c = 3, and for r in 
the range [0.2z,5i]. The relative difference of both sides of (77) is plotted on Figure § The 
two curves correspond to the elliptic blocks with the NS intermediate states expanded up to 
q"^ , and q^, q^ , respectively. In both cases the elliptic blocks with the R intermediate 
states are expanded up to q^. 
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Appendix 

In this Appendix we collect some useful properties of the 3-point blocks of different types. 
3-point blocks with an R singular state 

Let us consider the three point correlation functions with a degenerate field R^^ within the 
Feigin-Fuchs construction In this approach the NS superprimary and the R primary 

fields are represented by vertex operators in the free superscalar Hilbert space 

where a = or a = ^ — \/2/3 for the NS or the R fields, respectively, cj^ are the twist 
operators of the fermionic sector: 

i;{z)a^{z, z) ^ a^{z, z) . 

V2(z - w) 

The left chiral screening charges are defined by: 

Qb = i dzi:{z)e^^^'\ Qi = (f dziP{z)e-b'l'^'\ 



and analogously the ones in the right sector. The 3-point functions with a degenerate R field 
and various number of left screening charges take the forms: 



The charge conservation implies that the structure constants above are non-zero if and only 
if the even fusion rules: 

^'^27!^' " 27!^^"''^^^^^^27f ^^"""^^^^^ /c + /G2NU{0} (A.l) 
or the odd fusion rules: 

^'^271^' " 271^^"''^^^^^^27!^^"'^^^^^ fe + /G2N-l (A.2) 
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are satisfied {k,l are integers in the range 0<A;<r — 1, 0</<s — 1). Moreover, for any 
even integer n E 2N one has [27J: 

(V(u;i)...^K)a-(l,l)a-(0,0)> = - . . . V'K))a+(l, l)a+(0, 0)> 

(i^iwi) . . . V-K-i) i^{w)a'{l, l)a-{0, 0)> = {ij{wi) . . . ij{w)a+{l, l)a+(0, 0)> 



Thus if the even fusion rules (A.l) are fulfilled, the structure constants are related 



C. 



(a,.,,5),{/32,0),(/3i,0) 



-c, 



K»,<5),(/32,0),(/3i,0)' 



what implies C^^^^ 5) (/32 o) (ft o) ^ ^' Similarly, for the odd fusion rules (A.2) the second 
constant does not vanish cf"*"^ n^ fa n\ 7^ 0. 

Consider now a 3-point function with the singular R field. Due to the Ward identities 



it can be written in terms of the structure constants and the 3-point blocks (37). Since the 
correlator is identically equal to zero, the 3-point blocks have to vanish 



for even fusion rules and 











for odd fusion rules. An additional information on zeros of the 3-point blocks can be derived 
from the property of R fields jMl EZ] : RLjs = ^Rp leading to formula 



C. 



(±) 

(ft,,<5),{A2,0),(-/3i,0) 



c, 



(T) 

(/3,s,5),(A2,0),(/3i,0)- 



The 3-point block p^^ixtsy ^2,wf) has to vanish for the even fusion rules ( A.l ) and Prrc{xXj ^2-, 



for the odd fusion rules (A.2) with the opposite sign of /3i in both cases. This suggests the 



following definition of the fusion polynomials: 

r— 1 s—1 / , , , r— 1\ r—1 s— 1 



±/3i 

A2 



n nv2V2 

p=l—rq=l—s^ * 



^2 pb + qb- 

I =F Pi - 



2^2 J ,V ,V \2V2 

p'=l—rq'=l—s 



2V2 



(A.3) 



where the products run over: 



p = 1 — r + 2k, q 
p' = I - r + 2k, 4 



1 - s-h 2/, 
1 - s-h 2L 



fc-F/ G 2NU{0} 
/c / G 2N -Fl 



(A.4) 



and k, I are integers in the range 0<A;<r — 1, 0</<s — 1. 
The 3-point blocks in terms of the fusion polynomials read: 



P^^c{xts,^2,wf 



) = (-i)^^: 



±/3i 
A2 



(A.5) 
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where the proportionahty coefficient is set by the singular vector normalization condition]^ 
and the formula: 

r(a + n) 



P^Al{LliW+, 1/2,0 = (A + A2 - Ai)„, {a)n 



T(a) 



A similar reasoning leads to the formulae for other types of 3-point blocks with R singular 
state: 



(-l)^p, 

prs it/32 
Ai 



±134 

A3 



±/33 
A4 



Factorization over an NS singular vector 

The fusion polynomials corresponding to 3-point blocks with the singular NS state were 
defined in [Ml, [27]: 

r-l s-1 



p: 



pr 



A2 
Ai 



*A2 

Ai 



±/32 



n n 

p=l— r g=l — s 

r— 1 s— 1 

n n 

■p>=\-r q'=\~ 
r-l s-1 



Ai + A2 — p6 — g5 ^ \ / Xi — X2 — pb 



2^/2 



2V2 



Xl + X2-p'b-q'b-^\ /Xi-X2-p'b-q'b 



2V2 



2V2 



(A.6) 



n n A^A-"^ n n 



p'b + 
2^/2 



/A-l 



p=i— rij=i — s ~ ■ ' p' = i— rg': 

where the (p, and {p'.,q') correspond to the even and the odd fusion rules, respectively 



(A.4). The number of possible pairs in the products is given by 

/'rs+l\ ( 

I 2 ; ' _u_r I i\ I V 2 / ' 

(f)> l(f)> 



' rs— 1 ^ 



#{P,Q)r 



where r,s £ 2N + 1 for upper lines and r,s G 2N for lower lines. The fusion polynomials with 
interchanged weights are related to each other in the following way: 



prs 

c 



132 

A2 
Ai 



^_l'-j#{p,Q)rs prs 
(^_l'j#{p,q)rs prs 



f3i 

Ai 
A2 



pr 



prs 
c 



-ft 
*A2 

Ai 



(|_l^#(p'.'3')rs prs 

(_l)#(p':'?')rs prt 



-I3i 
132 _ 

*Ai 
A2 



, (A.7) 
. (A.8) 



The factorization of 3-point blocks over the NS singular state is given by the following for- 
mulae [21], [27]: 



Pnn,c{j^4:,1^3, S-lL-NXrs) = P'c 



A3 
A4 



X < 



/5nn,o(z/4, 1/3, S-LL-NJ^Ars + ^)j 



^The singular vectors are normalized such that xts = L^-^w^^. + . 
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pr. 



pr 



*A3 

A4 



±/32 

Pi 



P^^n^oiS-LL-N^Ars + ^-^^^wt^'^t)^ 



(A.9) 



e *4 p^t^ZiS-hL^Ni'Ar 



pr. 



Pi 



Pi 



where the upper and lower hnes correspond to ^ £ ^ ^^^d ^ ^ + 5 j respectively. 



Factorization over an R singular vector 

There are two independent singular vectors xts the same level in the R module Wa^s • Let 
us introduce the operator Drs generating the even singular vector: 



Xrs — ^rs ^^rs 



Then the odd singular vector is defined as Xr 



il3 



rSoxts with P' given by (66). There is 



however a second odd singular vector DrsSoWj!'^ on the same level. It follows from the general 
properties of R singular vectors discussed in |2Sj that these two odd vectors are proportional 
to each other: 

SoDrsW:^^ = {-ly Drs Sq wX 

rb"^ + s 

The proportionality coefficient can be easily recognized as the quotient ji'^gj firs-, what leads 
to the useful relation 



Xv 



Drs W,.s- 



(A.IO) 



With the help of this identity one can compute the factorization of 3-point blocks over an R 
singular state. The Ward identities for the 3-form g^^^^ imply: 

Qmi{S-LL-Nxts^^2,W^) = ptt{S-LL-NwX + ljl , ^2 , ) Qnnixts ^ ^"2 , ) 

+ PKRiS-LL-NW^^^_^rs,U2, W^)QBsiXrs^ 1^2, Uif) 
QRnixts^ ^2,wf) = Prr (X^, ^, W^)QBAWrs> 1^,W'^) + PrrIx^, W+)gRR{Wrs, 1^, 

QBBiXrs ,^2,w^) = {x',u,w')gnB. {w^ ,^,w^) + Pbr ix" Qrb. {w's ,J^,w~) 
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Using the identity (A. 10) and the properties of the 3-point blocks (33) one gets the 



factorization formula: 



Expressing the 3-point blocks with the singular state in terms of the fusion polynomials (A. 5 ) 
we obtain: 



and similarly: 



p'^lrXwj, 1/3, S-LL-NXts) 
Pw,<,{S-LL-NXts^ wt, I'l) 



, rs 



prs 



±/3i 

A2 



±/34 

A3 



±/33 

A4 



(A.ll) 



prs 

c 



±li2 
Ai 
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